The structure and thermal properties of molybdenum nanoparticles are investigated by molecular dynamics simulation. Specifically, the solidification of molybdenum nanoparticles from liquid droplets at various cooling rates is performed to discuss the variety of nanoparticle structures with 54 to 16000 atoms. Bcc single-crystalline and glassy nanoparticles are formed at cooling rates on the order of 10 10 and 10 13 K/s, respectively, for all sizes of nanoparticle except for the smallest cluster, Mo 54 . In addition, a polycrystalline structure is formed in nanoparticles with 2000 atoms or more at intermediate cooling rates on the order of 10 12 K/s. On the other hand, a fivefold rotationally symmetric Mo 54 cluster is formed at low cooling rates. The solidification point decreases with increasing cooling rate for all nanoparticles considered. At a constant cooling rate, the depression of the solidification point is proportional to the inverse of the cube root of the number of atoms in the nanoparticle even for the highly symmetric cluster consisting of only 54 atoms.
Introduction
Metal nanoparticles have been widely studied owing to their unique properties (1) , which are not observed in bulk metals. For example, the depression of the melting point (2) - (6) and the coexistence of a solid core and a liquid shell at temperatures near the melting point (called surface melting) (7) - (9) are caused by the high ratio of surface area to volume in nanoparticles and the curvature effect at their surface. These properties have been verified by both experimental (1) , (10)- (13) and theoretical approaches (14) - (26) . As an example of an experimental study, Schmidt and Haberland (13) measured the caloric curve of sodium clusters and revealed that the melting point of clusters with size ranging from 55 to 357 atoms was about 30% less than that of the bulk. Reference (1) provides extensive information on experimental studies on the properties of nanoparticles. Regarding theoretical studies on nanoparticles, the spatial scale of analysis has become smaller and smaller as computational performance has improved dramatically. Atomic simulations such as Monte Carlo (MC) (14) , (15) and molecular dynamics (MD) simulations (5) , (6) , (16)- (25) are now becoming mainstream in the theoretical study of metal nanoparticles instead of analysis on the basis of classical thermodynamic models (2) - (4), (7)- (9), (26) . For example, the melting behavior of nanoparticles has been examined by MD simulation for various metals, including gold (16) , (17) , nickel (18) , silver (19) , silver-palladium alloy (20) and various transition metals (22) - (25) . In addition to the scientific interest in the unique properties of nanoparticles, metal nanoparticles are considered to have potential use in a wide range of applications owing to their properties, such as hydrogen storage (27) , thermoelectrics (28) , eletrocatalysts for oxidation-reduction reactions (29) , synthesis catalysts for nanostructured materials such as carbon nanotubes (30) - (38) and various biomedical applications (39) - (40) .
Parallel to the investigation of the properties of metal nanoparticles, the global-minimum-energy structures of small clusters have been actively studied, since the stable structures of small clusters are not merely cutouts from the crystalline structures of bulk metals but aperiodic motifs (i.e., highly symmetric polyhedral structures) such as icosahedra, decahedra and tetrahedra. In general, it is not easy to determine the global-minimum-energy structures of clusters since the number of distinct structures corresponding to local minima increases exponentially with increasing number of atoms in the cluster (41) - (43) . Therefore, considerable effort has been made to determine the global-minimum-energy structures of small clusters using various techniques such as the MC minimization approach (44) , the basin-hopping approach (43) , (45) and the genetic algorithm (46) , (47) . In particular, the group of Wales has developed the GMIN program (48) , which contains a wide variety of different step-taking approaches along with the parallel basin-hopping implementation. This program has been used for the global optimizations of a variety of systems ranging from Lennard-Jones (LJ) clusters (45) to transition-metal clusters (49) , (50) . These results are included in the Cambridge Cluster Database (CCD) (51) , which has been widely referred to as the standard for the global minima of a wide variety of model metal clusters.
Although the vigorous investigation of the global minima of small clusters has contributed to the accumulation of a wealth of knowledge on the nature of small clusters, such knowledge cannot necessarily be easily applied to actual applications of nanoparticles under various conditions. For example, global-minimum-energy structures of clusters are sometimes entropically unfavored at finite temperatures, which cause a solid-solid phase transition. In addition, it is well known that the conditions of formation for nanoparticles such as temperature, pressure and cooling rate affect their structure. Meanwhile, we have examined the thermodynamic properties of metal nanoparticles by performing MD simulations focusing on the depression of the melting point with respect to the particle size and the surface melting at temperatures near the melting point. Through a series of MD studies, we have recognized the complex dependence of the structure of nanoparticles on various conditions. However, there is little information on the transition region between small clusters with highly symmetric structures and nanoparticles that are a cutout of the crystalline structure. (Henceforth, the word "clusters" represents a small particle with a highly symmetric polyhedral structure instead of one that is a cutout from a periodic crystalline structure.) Therefore, a variety of structures of metal nanoparticle ranging from highly symmetric clusters to large nanoparticles with a crystalline structure are examined by MD simulation in this study. Here, molybdenum nanoparticles are employed since there have been comparable studies on their thermodynamic properties during cooling at a fixed rate (6) , (22), (23) . After briefly summarizing the simulation methodology in Section 2, the remainder of the paper is structured as follows: the range of structures of molybdenum nanoparticles and clusters prepared by solidification from liquid droplets under various cooling rates is discussed on the basis of the atomic configuration and the radial distribution function in Section 3.1.; then, the change in the solidification point of nanoparticles with respect to particle size and cooling rate is discussed in Section 3.2.
Simulation methodology
A classical MD method was used to study the structures of molybdenum nanoparticles and their thermal properties. The Finnis-Sinclair (FS) potential (52) was used to describe molybdenum bonds, which is an established interatomic potential for body-centered cubic (bcc) metals since it can reproduce material properties accurately despite its simple form and short cutoff distance. The total energy of the FS potential, E, is expressed as follows: 
where V is the repulsive term, r ij is the bond length between atoms i and j, ρ is the total electronic charge density at the site of atom i, which is constructed by the rigid superposition of atomic charge densities φ, A is the binding energy, c 0 , c 1 and c 2 are free parameters used for fitting experimental data, c and d are cutoff parameters assumed to lie between the second-nearest-and third-nearest-neighbor atoms, and β is a parameter used to introduce the maximum value of φ within the first-nearest-neighbor distance. The parameters, taken from the original FS paper (52) , are listed in Table 1 . Note that the melting point of molybdenum for the bulk bcc system under the FS potential has been estimated to be 3100 ± 15 K (6) , which is higher than the experimental value of 2896 K.
A leapfrog method was used to integrate the classical equation of motion with a time step of 5.0 fs. In the simulation, the momentum of the centroid and the angular momentum of the molybdenum nanoparticles are eliminated at each step to prevent the unintentional rotation of the nanoparticle during temperature control (6) . Therefore, only the vibrational temperature was considered. A Berendsen thermostat (53) was used to control the vibrational temperature at every step. That is, the temperature distribution within the nanoparticle does not occur during cooling. Pressure was not controlled in this study. The solidification of molybdenum nanoparticles from liquid droplets was calculated as follows. As the initial conditions, liquid droplets of molybdenum were prepared by heating freestanding bcc crystals with various sizes for 100 ps at 4000 K, which is higher than the melting point of bulk molybdenum under the FS potential. The number of atoms was varied from 54 to 16000 (2n 3 : n = 3-6, 8, 10, 15, 20) . The size of the calculation cell was set to be fivefold the initial size of the bcc crystal, which means that the initial bcc crystal was freestanding in the cell without the influence of a periodic boundary condition. The obtained liquid droplets were then cooled from 4000 K to 0 K at a cooling rate ranging from 2.0 × 10 10 to 1.0 × 10 13 K/s, and each case was performed five times to investigate variations in the solidification point and the final structure of the nanoparticles.
Results and discussion

The variety of structures of nanoparticles
First, the range of final nanoparticle structures obtained by cooling liquid droplets at various cooling rates was examined by direct observation of the atomic configuration. Table 1 Potential parameters for molybdenum atoms (52) . 16000 nanoparticles, whereas only glassy or single-crystalline nanoparticles were formed for Mo 1024 nanoparticles. It is not favorable for nanoparticles consisting of about 1000 atoms or less to form the polycrystalline structure since the energetic disadvantage due to the existence of a grain boundary strongly affects the structure of nanoparticles of this size. Regarding the formation process of such solid nanoparticles, a nucleus was generated near the surface of liquid droplet and the solidification area spread toward the other side of the droplet in the case of single crystalline nanoparticles, which agrees with our previous studies (5) (6) . In the case of polycrystalline nanoparticles, several nuclei were generated almpst simultaneously near the surface of the liquid droplet. On the other hand, the phase transition from liquid to solid happened instantly in the case of smaller nanoparticles, which makes it difficult to define the origin of the nucleation. (50) and LJ 55 and LJ 54 clusters described by the Lennard-Jones potential (45) quoted from the Cambridge Cluster Database (CCD) (51) Mo 128 and Mo 54 , respectively, after cooling at various rates. The representative structure from five calculations is shown for each condition. Both top and side views are shown in the figure. In the case of the Mo 128 nanoparticle, bcc single-crystal and glassy structures were obtained at the highest and lowest cooling rates of 2.0 × 10 10 and 1.0 × 10 13 K/s, respectively, as in the case of the larger nanoparticles shown in Figure 1 . However, a polyhedral structure was partially formed in the glassy structure in the Mo 128 nanoparticle at the cooling rate of 1.0 × 10 13 K/s, which was not observed in the larger nanoparticles.
Moreover, an approximately fivefold rotationally symmetric cluster, which is completely different from the bcc crystalline structure, was formed at the lowest cooling rate of 2.0 × 10 10 K/s. This highly symmetric structure is similar to the putative global-minimum-energy structure for Mo 54 (50) described by the FS potential (Figure 2(c) ).
Elliott and coworkers carried out a global optimization calculation using the GMIN program (48) and revealed a series of global-minimum-energy structures of molybdenum and iron clusters of size up to 100 atoms (50) , which are included in CCD (51) . Figure 2( obtained by the MD simulation and that obtained from the GMIN technique is only 0.016 eV/atom, which indicates that the structure obtained by the MD simulation is almost the global minimum energy structure. It is significant that this highly symmetric structure of the Mo 54 cluster, which is completely different from the cutout of the bcc crystal, is reached by the direct cooling of a liquid droplet at a rate on the order of 10 10 K/s or less, since it is considered to be difficult to obtain the global-minimum-energy structure of a cluster by a direct cooling simulation using the MD method. The range of nanoparticle structures obtained by solidification at various cooling rates was also confirmed by consideration of the radial distribution function (RDF). Figure 1 . Similar peaks were not observed from the nanoparticles with 1024 atoms or less. On the other hand, only first-and second-neighbor peaks could be seen in the RDF of the nanoparticles at high cooling rates, for which only a glassy structure was observed. The threshold cooling rate dividing the crystalline and glassy structures decreased with decreasing number of atoms in the nanoparticle. The series of sharp peaks indicating the bcc crystalline structure was not observed in the Mo 54 cluster even at the lowest cooling rate. Instead, two overlapping peaks at the nearest-neighbor distance were observed (see the enlarged view in Figure 3 ), which indicates the highly symmetric structure consisting of DICs as shown in Figure 2 . As discussed above, the series of RDF peaks corresponds to the atomic configuration in the nanoparticles, i.e., bcc single crystal, bcc polycrystal, the glassy structure and the highly symmetric cluster. It was thus confirmed that the cooing rate strongly affects the final structure of the nanoparticle. The final structure of the nanoparticle for all conditions can be classified as a function of the cooling rate and the number of atoms in the nanoparticle Fig. 4 Matrix showing the final structure of molybdenum nanoparticles as a function of the cooling rate and the number of atoms in the nanoparticle. Light-blue squares, small write squares, red asterisks and pink circles represent bcc single crystal, bcc polycrystal, the glassy structure and the highly symmetric cluster, respectively. The overlap of two symbols represents a transition range, where two different structures were obtained from the five calculations. using a two-dimensional matrix as shown in Figure 4 . Light-blue squares, small white squares, red asterisks and pink circles in the figure represent bcc single crystal, bcc polycrystal, the glassy structure and the highly symmetric cluster, respectively. The overlap of two symbols represents the transition range, where two different structures were obtained from the five calculations, whereas a structure that was formed in all five calculations is indicated by a single symbol in the matrix. Overall, the structure changes from bcc crystal to the glassy structure in turn with increasing cooling rate for the nanoparticles with 128 atoms or more. Only bcc single crystal is obtained for all sizes except for the Mo 54 cluster at cooling rates of 5.0 × 10 10 K/s or less, and only the glassy structure is obtained at the cooling rate of 1.0 × 10 13 K/s. The threshold cooling rate dividing the bcc crystal and the glassy structure increases with increasing number of atoms in the nanoparticle. The polycrystalline structure is only observed in the nanoparticles with 2000 atoms or more. In contrast, the threshold cooling rate dividing single crystal and polycrystal decreases with increasing number of atoms in the nanoparticle. That is, it is easier to form the polycrystalline structure in large nanoparticles since the relative effect of the grain boundary energy decreases with increasing particle size. On the other hand, a highly symmetric cluster is obtained for the cluster with 54 atoms at cooling rates of 1.0 × 10 12 K/s or less, and only the disordered structure is observed at the cooling rate of 2.0 × 10 12 K/s. In summary, this two-dimensional matrix showing the final structures of nanoparticles obtained by the direct cooling of liquid droplets as a function of the cooling rate and particle size is significant, since in almost every other previous simulations were performed by changing either the cooling rate or the particle size owing to the computational limit. Although the range of cooling rate employed here is higher than that of typical experiments due to the computational limit, the two-dimensional matrix gives the distribution of the dominant structures of the nanoparticles and the transition region at a glance, which has not been reported elsewhere.
Solidification point of nanoparticles under various cooling rates
Next, the solidification point of nanoparticles during the cooling of liquid droplets at various cooling rates is systematically investigated. In general, the melting and solidification points are defined as the temperature where the enthalpy changes discontinuously, which is caused by the difference in the atomic order of the solid and liquid phases. A phase transition including a discontinuous energy change is regarded as a first-order phase transition. In case of an MD simulation with a constant-volume condition, the temperature where the potential energy changes discontinuously corresponds to the phase transition temperature. In addition, the discontinuous change in the enthalpy causes a sharp peak in the heat capacity when plotted with respect to temperature, from which the phase transition temperature can be defined. Moreover, the root-mean-square (rms) bond fluctuation, which is called the Lindemann index (54) , is often used to discuss the phase transition in small nanoparticles. That is, an abrupt change in the Lindemann index is regarded as corresponding to the phase transition between the solid and liquid phases. Naturally, the phase transition temperatures defined by the discontinuous change in enthalpy, the sharp peak in the heat capacity and the abrupt change in the Lindemann index should coincide. We have confirmed that the solidification point defined in these three different ways coincided in our calculation, which is described in Appendix A with a brief introduction giving definitions of the heat capacity and the Lindemann Index in the MD simulation. Hereafter, the change in potential energy with respect to temperature is used to estimate the solidification point of nanoparticle under various conditions. Figure 5 shows the change in potential energy per atom as a function of temperature for Mo 16000 and Mo 1024 nanoparticles during cooling at various cooling rates. The representative result from five calculations is shown for each condition. It was observed that the potential energy decreased linearly as the temperature decreased, dropped abruptly at a certain temperature and decreased linearly again for cooling rates of 5.0 × 10 11 K/s or less for
Mo 16000 and 1.0 × 10 12 K/s or less for Mo 1024 . On the other hand, the potential energy decreased continuously for a cooling rate of 1.0 × 10 13 K/s for Mo 16000 and 2.0 × 10 12 K/s for Mo 1024 , making it difficult to define the solidification point. For Mo 16000 nanoparticles, the temperature range during the phase transition became broad for intermediate cooling rates, whereas a broad phase transition was not observed for Mo1024 nanoparticles. This difference in the potential energy with respect to temperature corresponds to the difference in the final structure of the nanoparticles. That is, the bcc single-crystalline structure was formed at a cooling rate that produced a discontinuous change in the potential energy as a function of the temperature, whereas the glassy structure was formed at a cooling rate that resulted in a continuous decrease in the potential energy with decreasing temperature. In addition, the broadening of the temperature range during the phase transition resulted in the formation of the polycrystalline structure in Mo 16000 nanoparticles, whereas no such polycrystalline structure was formed in Mo 1024 nanoparticles. This trend is consistent with the aforementioned discussion of the range of structures of nanoparticles in terms of atomic configuration (Figures 1 and 2 ), the RDF (Figure 3 ) and the two-dimensional matrix ( Figure  4) . The solidification point of nanoparticles under all conditions was similarly estimated from the change in potential energy with respect to temperature. Figure 6(a) shows the solidification point as a function of cooling rate for nanoparticles with various sizes. The solidification point is defined as the onset temperature of a discontinuous decrease in the potential energy. Note that the difference between in the onset and offset temperatures in the case of a rapid cooling rate was discussed in our previous work (25) , and thus it is not mentioned here. The average temperature obtained from the five calculations under each condition is plotted. The dashed line connects the maximum cooling rates at which bcc single crystal was reproducibly formed for particles of various sizes and the dotted line shows its extrapolation. Generally, the solidification point decreased with increasing cooling rate for all sizes of nanoparticles. The solidification point could not be defined at cooling rates for which the glassy structure was formed for all sizes, since the potential energy decreased continuously owing to the rapid quenching. In addition, the potential energy drop upon solidification was very small and was buried in the fluctuations in the case of the smallest cluster. Therefore, the solidification point for the lowest cooling rate could be barely defined for the Mo 54 cluster. The line connecting the maximum cooling rates at which bcc single crystal was formed for the particles of various sizes (the dashed line in Figure 6 (a)) is convex with respect to the temperature. This convex curve (called a "nose") has the characteristic shape of the time-temperature-transformation (TTT) curve for homogeneous nucleation, which illustrates the nucleation rate as a function of temperature, according to classical nucleation theory (55) . This convex curve is caused by a trade-off between two opposing factors that affect to the nucleation rate: the nucleation energy barrier, which causes the nucleation rate to increase rapidly with decreasing temperature, and the mobility of atoms, which causes the nucleation rate to decrease at low temperatures.
Although it may not be proper to compare the result from nanoparticles with the TTT curve of the bulk system directly, it is significant to find such an analogical convex curve between the TTT curve for homogeneous nucleation and the maximum cooling rate at which single crystals were formed in nanoparticles with respect to temperature. Such an analogy makes sense considering the fact that the bcc crystal in the nanoparticle was formed via homogeneous nucleation in the undercooled liquid droplet in the MD simulation. At a constant cooling rate, the solidification point decreased with decreasing particle size. As described in the introduction, the depression of the melting and solidification points of small nanoparticles has been widely investigated (2) (3) (4) (5) (6) , leading to a broad consensus that the depression of the melting point is proportional to the inverse of the particle radius. Figure 6 (b) shows the solidification point at a cooling rate of 2.0 × 10 10 K/s (the lowest rate in Figure 6 (a)) as a function of the inverse of the cube root of the number of atoms in the nanoparticle. Here, the cube root of the number of atoms was employed instead of the particle radius, since some of the nanoparticles obtained were not spherical but faceted structures. It was confirmed that the depression of the solidification point was proportional to the inverse of the cube root of the number of atoms in the nanoparticle, in agreement with the aforementioned consensus. Interestingly, this linearity also holds for the smallest cluster consisting of only 54 atoms. Therefore, it was concluded that the linearity of the solidification point with respect to the inverse of particle size is valid in such a small, highly symmetric cluster, whose structure differs from the cutout structure from the bulk crystal.
Conclusions
By performing the MD simulation, the structures and thermal properties of molybdenum nanoparticles has been discussed. Specifically, bcc single-crystalline and glassy structures were formed at cooling rates on the order of 10 10 and 10 13 K/s, respectively, except for the smallest cluster, Mo 54 . The bcc polycrystalline structure was formed in nanoparticles with 2000 atoms or more at intermediate cooling rates on the order of 10 12 K/s. The threshold cooling rate dividing the crystalline and glassy structures increased with increasing number of atoms in the nanoparticle. On the other hand, a fivefold rotationally symmetric Mo 54 cluster was formed at low cooling rates instead of the cutout structure of the bcc crystal. This highly symmetric structure almost corresponds to the global-minimum-energy structure of Mo 54 estimated by the GMIN technique. In addition, the solidification point of the nanoparticles was estimated from the discontinuous change in the potential energy with respect to temperature, although it was difficult to define the solidification point at cooling rates at which the glassy structure was formed owing to the continuous decrease in the potential energy through rapid quenching. It was confirmed that the solidification point decreased with increasing the cooling rate for all sizes of nanoparticles. In addition, it was found that the maximum cooling rate at which single crystals were formed in nanoparticles produced a convex curve when plotted against temperature. A similar convex "nose" with respect to temperature is commonly observed in the TTT curve for homogeneous nucleation. At a constant cooling rate, the solidification point decreased with decreasing particle size, and the depression of the solidification point was proportional to the inverse of the cube root of the number of atoms in the nanoparticle. It was found that this linearity was valid even for the smallest highly symmetric cluster consisting of only 54 atoms, whose structure differs from the cutout structure from the bulk crystal.
In summary, this study revealed that the structure of nanoparticles strongly depends on the conditions of formation, some of which are different from the global-minimum-energy structures, whereas most previous studies have focused on accurately obtaining the global-minimum-energy structures of nanoparticles and clusters. In view of the actual experimental conditions at finite temperatures, it is considered that the dependence of nanoparticles structures on the conditions of formation observed in this study may provide good guidance for actual experimental studies on various applications since it is still not straightforward to observe the atomic configurations of metal nanoparticles when they are used in applications. The effect of entropy on the structure of nanoparticles will be examined as a next step, which is another factor that prevents the formation of nanoparticles with the global-minimum-energy structure at finite temperatures.
In general, the melting and solidification points are defined as temperatures where the enthalpy changes discontinuously, which are caused by the difference in the atomic order of the solid and liquid phases. A phase transition including a discontinuous energy change is regarded as a first-order phase transition. In the case of an MD simulation with a constant-volume condition, the temperature where the potential energy changes discontinuously corresponds to the phase transition temperature. In addition, the discontinuous change in the enthalpy causes a sharp peak in the heat capacity at the phase transition temperature when plotted with respect to temperature. In the MD simulation, the heat capacity per atom is defined as An abrupt change in the Lindemann index is regarded as corresponding to the phase transition between the solid and liquid phases. Naturally, the phase transition temperatures defined by the discontinuous change in enthalpy, the sharp peak in the heat capacity and the abrupt change in the Lindemann index should coincide. In addition, this consistence among the solidification points estimated in three different ways was confirmed for other conditions. Therefore, in this study, the change in potential energy with respect to temperature was used to estimate the solidification point of nanoparticles owing to its consistency with other estimation methods.
